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Abstract
In this chapter, we obtain some reproducing kernel spaces. We obtain reproducing kernel
functions in these spaces. These reproducing kernel functions are very important for
solving ordinary and partial differential equations.
Keywords: reproducing kernel functions, reproducing kernel spaces, ordinary and partial
differential equations
1. Introduction
Reproducing kernel spaces are special Hilbert spaces. These spaces satisfy the reproducing
property. There is an important relation between the order of the problems and the
reproducing kernel spaces.
2. Reproducing kernel spaces
In this section, we define some useful reproducing kernel functions [1–23].
Definition 2.1 (reproducing kernel). Let E be a nonempty set. A function K : E E ! ℂ is
called a reproducing kernel of the Hilbert space H if and only if
a. K ; tð Þ∈H for all t∈E,
b. φ;K ; tð Þh i ¼ φ tð Þ for all t∈E and all φ∈H:
The last condition is called the reproducing property as the value of the function φ at the point
t is reproduced by the inner product of φ with K ; tð Þ:
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Then, we need some notation that we use in the development of this chapter. Next, we define
several spaces with inner product over those spaces. Thus, the space defined as




: 0; 1½  ! R areabsolutely continuous; v 3ð Þ ∈ L2 0; 1½ 
n o
(1)





v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0






, v∈W32 0; 1½ ,
(2)
respectively. Thus, the space W32 0; 1½  is a reproducing kernel space, that is, for each fixed
y∈ 0; 1½  and any v∈W32 0; 1½ , there exists a function Ry such that




and similarly, we define the space
T32 0; 1½  ¼
v∣v, v0, v0 0 : 0; 1½  ! R areabsolutely continuous,










v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0






, v∈T32 0; 1½ ,
(5)
respectively. The space T32 0; 1½  is a reproducing kernel Hilbert space, and its reproducing






























G12 0; 1½  ¼ vjv : 0; 1½  ! R is absolutely continuous; v
0 xð Þ∈ L2 0; 1½ 
 
, (7)
is a Hilbert space, where the inner product and the norm in G12 0; 1½  are defined by
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v;ɡh iG12 ¼ v
ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0






, v∈G12 0; 1½ ,
(8)
respectively. The space G12 0; 1½  is a reproducing kernel space, and its reproducing kernel
function Qy is given by [1] as
Qy ¼
1þ x, x⩽ y
1þ y, x > y:

(9)
Theorem 1.1. The space W32 0; 1½  is a complete reproducing kernel space whose reproducing kernel Ry
is given by













c1 yð Þ ¼ 1, c2 yð Þ ¼ y, c3 yð Þ ¼
y2
4
, c4 yð Þ ¼
y2
12
, c5 yð Þ ¼ 
1
24y




d1 yð Þ ¼ 1þ
y5
120
, d2 yð Þ ¼
y4
24














v ið Þ 0ð ÞR ið Þy 0ð Þ þ
ð1
0
v 3ð Þ xð ÞR 3ð Þy xð Þdx, v, Ry ∈W
3
2 0; 1½ 

(11)
through iterative integrations by parts for (11), we have






v ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ





1ð Þ 2ið Þv ið Þ 1ð ÞR 5ið Þy 1ð Þ þ
ð1
0
v xð ÞR 6ð Þy xð Þdx:
(12)
Note, the property of the reproducing kernel as
v xð Þ;Ry xð Þ
 
W32





Ry 0ð Þ  R
5ð Þ
y 0ð Þ ¼ 0,
R0y 0ð Þ þ R
4ð Þ
y 0ð Þ ¼ 0,
R00y 0ð Þ  R
‴
y 0ð Þ ¼ 0,
R 3ð Þy 1ð Þ ¼ 0,
R 4ð Þy 1ð Þ ¼ 0,
R 5ð Þy 1ð Þ ¼ 0,
(14)
Then by (11), we obtain
R 6ð Þy xð Þ ¼ δ x yð Þ, (15)
when x 6¼ y,
R 6ð Þy xð Þ ¼ 0, (16)
therefore,













R 6ð Þy xð Þ ¼ δ x yð Þ, (18)
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4,
∂
5Ryþ yð Þ  ∂
5Ry yð Þ ¼ 1:
(19)
From (14) and (19), the unknown coefficients ci yð Þ and di yð Þ i ¼ 1; 2;…; 6ð Þ can be obtained.
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Now, we note that the space given in [1] as
W Ωð Þ ¼








∈ L2 Ωð Þ, v x; 0ð Þ ¼ 0,






is a binary reproducing kernel Hilbert space. The inner product and the norm in W Ωð Þ are
defined by




























































, v∈W Ωð Þ,
(22)
respectively.
Theorem 1.2. The W Ωð Þ is a reproducing kernel space, and its reproducing kernel function is
K y;sð Þ ¼ Ryrs (23)
such that for any v∈W Ωð Þ,
v y; sð Þ ¼ v x; tð Þ;K y;sð Þ x; tð Þ
 
W 0
K y;sð Þ x; tð Þ ¼ K x;tð Þ y; sð Þ:
(24)
Similarly, the space












































, v∈cW Ωð Þ,
(26)
respectively.cW Ωð Þ is a reproducing kernel space, and its reproducing kernel function G y;sð Þ is
G y;sð Þ ¼ QyQs: (27)
Definition 1.3.
W32 0; 1½  ¼
u xð Þ∣u xð Þ, u0 xð Þ, u0 0 xð Þ, areabsolutely continuous in 0; 1½ 





The inner product and the norm in W32 0; 1½  are defined, respectively, by
u xð Þ;ɡ xð Þh iW32 ¼
X2
i¼0
u ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0







, u∈W32 0; 1½ :
The space W32 0; 1½  is a reproducing kernel space, that is, for each fixed y∈ 0; 1½  and any
u xð Þ∈W32 0; 1½ , there exists a function Ry xð Þ such that





W12 0; 1½  ¼
u xð Þ∣u xð Þ, is absolutely continuous in 0; 1½ 





The inner product and the norm in W12 0; 1½  are defined, respectively, by
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u xð Þ;ɡ xð Þh iW12 ¼ u 0ð Þɡ 0ð Þ þ
ð1
0






, u∈W12 0; 1½ : (29)
The space W12 0; 1½  is a reproducing kernel space, and its reproducing kernel function Tx yð Þ is
given by
Tx yð Þ ¼
1þ x, x ≤ y,
1þ y, x > y:

(30)
Theorem 1.5. The space W32 0; 1½  is a complete reproducing kernel space, and its reproducing kernel
function Ry xð Þ can be denoted by












c1 yð Þ ¼ 0,





















































































































































































3ð Þ xð ÞR 3ð Þy xð Þdx:
(31)
Through several integrations by parts for (31), we have






u ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ





1ð Þ 2ið Þu ið Þ 1ð ÞR 5ið Þy 1ð Þ

Ð 1




Note that property of the reproducing kernel
u xð Þ;Ry xð Þ
 
W32




y 0ð Þ  R
3ð Þ
y 0ð Þ ¼ 0,
R
0
y 0ð Þ þ R
4ð Þ
y 0ð Þ ¼ 0,
R 3ð Þy 1ð Þ ¼ 0,




then by (31), we have the following equation:
R 6ð Þy xð Þ ¼ δ x yð Þ,
when x 6¼ y,
R 6ð Þy xð Þ ¼ 0,
therefore,








i1, x > y,
8>>><
>>>>:
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Since
R 6ð Þy xð Þ ¼ δ x yð Þ,
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4, (34)
and
∂
5Ryþ yð Þ  ∂
5Ry yð Þ ¼ 1: (35)
Since Ry xð Þ∈W
3
2 0; 1½ , it follows that
Ry 0ð Þ ¼ 0, Ry 1ð Þ ¼ 0, (36)
From (33)–(36), the unknown coefficients ci yð Þ and di yð Þ i ¼ 1; 2;…; 6ð Þ can be obtained. Thus
Ry xð Þ is given by




























































































































































y5x3, x > y
8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:
W42 0; 1½  ¼
v xð Þ∣v xð Þ, v0 xð Þ, v00 xð Þ, v000 xð Þ
areabsolutely continuous in 0; 1½ ,










v xð Þ;ɡ xð Þh iW42 ¼
X3
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0






, v∈W42 0; 1½ :
(38)
The space W42 0; 1½  is a reproducing kernel space, that is, for each fixed.
y∈ 0; 1½  and any v xð Þ∈W42 0; 1½ , there exists a function Ry xð Þ such that




Similarly, we define the space
W22 0;T½  ¼
v tð Þ∣v tð Þ, v0 tð Þ
areabsolutely continuous in 0;T½ ,






The inner product and the norm in W22 0;T½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW22 ¼
X1
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ðT
0





, v∈W22 0;T½ :
(41)
Thus, the spaceW22 0;T½  is also a reproducing kernel space, and its reproducing kernel function
rs tð Þ can be given by


















W22 0; 1½  ¼
v xð Þ∣v xð Þ, v0 xð Þ
areabsolutely continuous in 0; 1½ ,
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where the inner product and the norm in W22 0; 1½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW22 ¼
X1
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ðT
0





, v∈W22 0; 1½ :
(44)
The space W22 0; 1½  is a reproducing kernel space, and its reproducing kernel function Qy xð Þ is
given by














y3, x > y:
8><
>: (45)
Similarly, the space W12 0;T½  is defined by
W12 0;T½  ¼
v tð Þ∣v tð Þ is absolutely continuous in 0;T½ ,





The inner product and the norm in W12 0;T½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW12 ¼ v 0ð Þɡ 0ð Þ þ
Ð T
0 v






, v∈W12 0;T½ :
(47)
The space W12 0;T½  is a reproducing kernel space, and its reproducing kernel function qs tð Þ is
given by
qs tð Þ ¼
1þ t, t ≤ s,
1þ s, t > s:

(48)
Further, we define the space W Ωð Þ as
W Ωð Þ ¼




, is completely continuous,










































































, v∈W Ωð Þ:
(50)
Now, we have the following theorem:
Theorem 1.6. The space W42 0; 1½  is a complete reproducing kernel space, and its reproducing kernel
function Ry xð Þ can be denoted by

















c4 yð Þ ¼
1
36
y3, c5 yð Þ ¼
1
144




c7 yð Þ ¼
1
720




d1 yð Þ ¼ 1
1
5040

















d5 yð Þ ¼ 0, d6 yð Þ ¼ 0, d7 yð Þ ¼ 0, d8 yð Þ ¼ 0:
(52)
Proof. Since






v ið Þ 0ð ÞR ið Þy 0ð Þ þ
ð1
0
v 4ð Þ xð ÞR 4ð Þy xð Þdx,
v xð Þ;Ry xð Þ∈W
4
2 0; 1½ 
  (53)
through iterative integrations by parts for (53), we have
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v ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ





1ð Þ 3ið Þv ið Þ 1ð ÞR 7ið Þy 1ð Þ
þ
Ð 1




Note that property of the reproducing kernel
v xð Þ;Ry xð Þ
 
W42
¼ v yð Þ: (55)
If
Ry 0ð Þ þ R
7ð Þ
y 0ð Þ ¼ 0,
R0y 0ð Þ  R
6ð Þ
y 0ð Þ ¼ 0,
R00y 0ð Þ þ R
5ð Þ
y 0ð Þ ¼ 0,
R‴y 0ð Þ  R
4ð Þ
y 0ð Þ ¼ 0,
R 4ð Þy 1ð Þ ¼ 0,
R 5ð Þy 1ð Þ ¼ 0,
R 6ð Þy 1ð Þ ¼ 0,
R 7ð Þy 1ð Þ ¼ 0,
(56)
then by (54), we obtain the following equation:
R 8ð Þy xð Þ ¼ δ x yð Þ, (57)
when x 6¼ y,
R 8ð Þy xð Þ ¼ 0; (58)
therefore,
















R 8ð Þy xð Þ ¼ δ x yð Þ, (60)
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4; 5; 6, (61)
∂
7Ryþ yð Þ  ∂
7Ry yð Þ ¼ 1: (62)
From (56)–(62), the unknown coefficients ci yð Þ ve di yð Þ i ¼ 1; 2;…; 8ð Þ can be obtained. Thus,
Ry xð Þ is given by
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